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The concept of the multiplicity of a system of parameters of a local ring has
played a central role in algebraic geometry. Recently the subject has received a
homological treatment by Serre [7] and Auslander and Buchsbaum [1]. Also the
notion of multiplicity has been generalized to a general multiplicity theory of
Wright [8]. The general multiplicity can be thought of as follows: If R is a com-
mutative Noetherian ring, if x;,..., x, is a set of elements of R satisfying the
condition that R/(x,, ..., x;) has finite length, and if E is a finitely generated
R-module, then a symbol ex(xy,..., x| E) is defined taking its values in the
integers. The general multiplicity symbol is then a map from the category of
finitely generated R-modules to the integers.

A fundamental property of the map eg(xy,..., x, | E) is additivity on exact
sequences; it is an Euler-Poincaré map. This suggests that Grothendieck groups
may be an appropriate setting in which to define and study the multiplicity map.
We do this in this paper. If R is a commutative Noetherian ring and x,, .. ., x; is
any set of elements of R we define a multiplicity symbol ygz(x1, . . ., x;) which turns
out to be a homomorphism from the Grothendieck group of the category of
finitely generated R-modules to the Grothendieck group of the category of finitely
generated modules over R/(xy, ..., xs). This amounts to a generalization of the
general multiplicity theory in that we need not assume R/(x,, ..., x;) has finite
length. However it poses the problem of finding appropriate statements about
Grothendieck groups in which to express properties of multiplicities. This can
usually be done and the proofs of these properties, since they depend upon general
properties of Grothendieck groups, become simpler and more transparent.

This paper is divided into three sections. In §1 we define the multiplicity map and
prove many of its fundamental properties. In §2 we define the Hilbert function
taking values in a Grothendieck group and explore the relation between it and the
multiplicity map. In §3 we present some miscellaneous results.

Throughout this paper R will denote a commutative Noetherian ring with unit.
By module we will always mean a finitely generated unitary module. If € is an
abelian category we denote the Grothendieck group of € by K°(¥). For our pur-
poses € is usually the category of all finitely generated R-modules. In this special
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case we denote the Grothendieck group by K(R). If E is a module in % let [E]
denote the class of E in K°(%). It is well known that the set {{R/P] | P prime in R}
is a set of generators of K(R). We let Z(R) be the subgroup of K(R) generated by the
set {[R/P] | height P>0} and define D(R) to be the free abelian group with basis
{¢P> | height P=0}. Then K(R)=D(R) @ Z(R).

1. The general multiplicity map. In this section we define the general multiplicity
map using the Koszul complex as in [1] and generalize appropriately its well-known
properties which are found in [8].

Suppose x,..., x, are elements of R and let /=(x,,..., x;). The general
multiplicity map will be denoted by xz(x,, . . ., x;) and will be a homomorphism of
K(R) into K(R/I). If E is an R-module then E,.; ., denotes the Koszul complex
of E generated by x,, ..., x, see [1, §1] and H(E,., . ;) denotes the ith homology
module of the Koszul complex. Then H(E,., . =0 for i<0 and i>s and
I-H(E,.,, . =0fori=0,1,...,s[l, Proposition 1.5, p. 628]. So H|(E,..,.. ) is
a module over R/I. Define

xr(X1, . . ., Xs): K(R) — K(R/I)
by xr(x1, ..., XJ[E}=25-0 (= 1)'[Hi(E,.1, ... ] This map is well defined by the
exact homology sequence established in [1, Proposition 1.5, p. 628]. If s=0 define
xr(*): K(R) — K(R) to be the identity map. The case s=0 is a useful convention
in what follows. We have the following propositions.

1.1. PROPOSITION. Let Xy,..., x; be elements of R. If = is a permutation of
l,..., s then

Xﬂ(xnl, ceey xns) = XR(xl’ ceey xs)-

1.2. PROPOSITION. If x3E=0 for some n then xg(x, . . ., x;)[E]=0 [1, Proposition

3.2, p. 635).

1.3. PROPOSITION. If x, is not a zero-divisor on E then xp(xy,..., x)[E]=
Xrixe(X2s - - o> X)[E[X,E), where %o, ..., X; are the images of X, ..., X, in R/x,R
and xgx,v(Xa, . . ., X5): K(R/x,R) — K(R/I) [1, Proposition 3.2, p. 635].

1.4. PROPOSITION. xp(Xy, - - s X)[E]=Xpx,2(Fa, - . ., X)[XIE/XY1E] for all n
sufficiently large [1, Proof of Theorem 3.3, p. 636].

1.5. COROLLARY. If x is an element of R then in K(R/xR) we have [x"E[x"*'E]
=[E/xE]—[(0:x)g] for all n sufficiently large.

Proof. [x"E/x"*'E]=xp(X)[E]=[Ho(E,)]— [H:(E)]=[E/xE]—[(0:x)g].

Putting Proposition 1.4 and Corollary 1.5 together we obtain the following
theorem.

1.6. THEOREM. Let I=(x,, ..., X;). Then
Xe(*1, - . o, X)IE] = Xpixp(Fas -+ » XE/X1E] = Xpjxyr (X2, - - -, XJ[(0:x1)g],
where X, . . ., X, are the images of X, . . ., X, in R/x;R and
Xrix (K25 - - -5 X5): K(R[x,R) — K(R/I).
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We have defined a multiplicity map in terms of the Koszul complex, but we see
that Theorem 1.6 and the following Corollary 1.7 embody the inductive definition
of multiplicity as found in [8].

1.7. CorOLLARY. We have

XB(X1s - - o5 X5) = Xpjxr(Xzs - - -5 %) Xr(X1)-
Further

XR(xla ceey xs) = Xn/(x,.....x,_1)(9?.9)‘Xa/(xl,....x,)(fs—l)' : ‘XR(xl)’

where X; is the image of x; in R/(xy, . . ., xi_,). Still further, if 0Sn<s then

XR(xh cees xs) = XR/(xl,...,x,.)(-fn+ 1s e+ oy fs)'XR(xla ey xn)’
where X, 1, . .., X; are the images of X, 1, ..., Xs in R/(xy, ..., X,).

Thus we have defined a general multiplicity taking values in a Grothendieck
group and have shown that some important properties of this multiplicity depend
in no way upon the condition that R/I have finite length. It is easy enough to see how
to define the ordinary multiplicity in terms of yz(x,, . . ., X;). For suppose we are in
the case where /=(x,, ..., x;) and R/I has finite length. Then it is known that
K(R/I) is isomorphic to D(R/I). In fact, if M,, ..., M, are the maximal ideals of R
containing 1, then M,/I, ..., M,/I are exactly the prime ideals of R/I, and they are
all of height zero in R/I. So K(R/I) is the free abelian group with basis [R/M,], .. .,
[R/M,]. Now we define a map / from K(R/I) to the integers Z to be the length
function; i.e., if E'is a module over R/I then /[[E]=Lg(E). Then the map /is just the
unique map from K(R/I) to Z which takes the value 1 on each basis element
[RIM],i=1.... k.

We shall denote the ordinary multiplicity by ex(xy, . .., x; | E) and define it by
er(x1y ..., Xs | E)=Ixg(xy, . .., x)[E]. It is easily seen that this definition coincides
with that of [1] and [8] and its properties can be derived from our multiplicity
xr(X1, - . 5 Xo).

It is often the case that properties of the multiplicity map eg(xy, . .., x, | E) are
stated in terms of length. To prove these properties for xz(xy, . . ., x;) we must find
generalizations which we can prove in terms of Grothendieck groups. The first
such property is a generalization of the inequalities 0= eg(x1, . . ., x, | E)< Lg(E/IE).
Observe that if R/I has finite length then a module £ over R/I goes into the “ positive
orthant” in K(R/I); ie., [El=n[R/M\]+ - +nJR/M,], where n=0 for
i=1,..., k.

1.8. PROPOSITION. For every R-module E there exists a module E over R/I such that

X&(X1, - - ., X)[E]1=[E]. Furthermore, E can be taken to be a homomorphic image of
E/IE.

Proof. Proceed by induction on s, using Proposition 1.4 for both s=1 and the
induction step.
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1.9. CoROLLARY. If E is an R-module such that E=IF then xg(x,, . . ., x)[E]=0.
1.10. PrOPOSITION. If E is an R-module of finite length then xz(x,, . . ., x)[E]=0.

Proof. It suffices to prove the proposition for simple modules. This is trivial
using Theorem 1.6.

Now we wish to generalize a familiar property of multiplicities found in [,
Proposition 4.4, p. 642]. First observe that if € and €’ are abelian categories and €
is a subcategory of €’ then there is a map A: K%¥) — K°%’) induced by the
inclusion functor ¥ — €’. This induced map A is not necessarily monic.

1.11. THEOREM. Let J=(xy,..., Xi5 ..., Xs)y J' =(x1,..., X{,..., X5), and I=
(X15 ooy XiXiy ..., X5). Then I<J and I<J'. Let X: K(R/J)— K(R/I) and X
K(R/J") — K(R/I) be the maps induced by the inclusion functors. Then

XR(xl, ey x{x{, ey xs) = AXR(xl, ey Xy oo uy xs)'l‘A’XR(xl, ooy x:, ey xs).

Proof. By Proposition 1.1 we can assume i=1. Let 7: K(R/x;R) — K(R/x,x]R)
and 7': K(R/x1R) — K(R/x,x1R) be the maps induced by the inclusion functors.
Now the following sequence is exact over R/x;x1R for any R-module E:

0— (0:x)) = (0:x,x7)g = (0:x)g — E[x;E — E[x,x1E — E[x E — 0.
So in K(R/x,x}R) we have
[E/x1x1E]—[(0:x1x3)g] = 7[E[/x,E]—7[(0:X1)]+ 7'[E/x1E]—7[(0: x])g].

Using Theorem 1.6 it suffices to show the following diagram and a similar one with
7" and A’ commutes:

K(R/x,R) —> K(R/x,x}R)

XR/x;R(x% D] xs) l l XR/xlxiR()?b ey xs)
K(R/J) ——/\—) K(R/T)

But this is straightforward from the definitions.

1.12. COROLLARY. Let ny,. .., ng be positive integers, let J=(x,, . . ., x;), and let
I=(x%, ..., x). Let A: K(R/J) — K(R/I) be the map induced by the inclusion func-
tor. Then xp(xt, ..., XF)=n1- - A Axg(X1, . . ., X).

We wish to look now at an important property of the multiplicity map. Let
®: R — S be a ring homomorphism and suppose S is a flat R-module. Then we
obtain a homomorphism ®*: K(R) — K(S) induced by the exact functor - ®S. If
Iis an ideal in R then we obtain ®: R/l — S/®(I). If S/®(I) is a flat R/I-module we
obtain ®*: K(R/I) — K(S/®(I)).
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1.13. THEOREM. Under the above hypotheses with I=(xy, ..., xs) the following

diagram is commutative:
(I)*

K(R) — K(S)

Xas X | | xs@xs, . @x)
K(RIT) —> K(S]O(D)

Qr1S/P(I) is isomorphic to Hi((E ®rS)px.1,....s) for all i.

In particular, Theorem 1.13 implies that multiplicity commutes with localization.
If S is a multiplicatively closed set in R then Ry is a flat R-module. We let
Ts: K(R) — K(Rs) denote the induced homomorphism. If S is the complement in R
of a prime ideal P we shall also use T to stand for Ts. We can then obtain as a
corollary to Theorem 1.13 the *“Localization Principle” found in [8, Theorem 3,
p. 277].

1.14. COROLLARY. Let I=(xy,...,Xx;) and suppose R|/I has finite length. Let
My, ..., M, be the maximal ideals of R containing I and let ®,;: R — R, be the
natural map. Then

K
XR(xl’ R xs)[E] = Z XRM‘((I)ixl’ DY) (Dlxs)[EMg]'
i=1

Proof. We have K(R/I) is isomorphic to P!_,K(Ry,/IRy,) and each map
Ty,: K(R/T) - K(Ry,/IRy,) is a projection associated with the direct sum. Thus,
using Theorem 1.13,

k
X1, - . ., X)[E] = Z Trxa(*1, - - -5 X)[E]

k
= Z xRM‘((Dixl, RIS (D{xs)[EM‘].
i=1

Now we wish to prove a generalization of the Associative Law for multiplicities.
The form of the Associative Law we wish to generalize is that found in [8, Theorem
5, p. 285]. It can be stated as follows: Let I=(x,, ..., x;) and suppose R/I has
finite length. Let 0<n<s and let P, ..., P, be the minimal prime ideals of
(X15. .., X,). Let ®;: R — Rp, and ¢;: R — R/P; be the natural maps. Then

K
ep(Xy, ..., Xs | E) = Z eﬂpt(q)ixh coey Dixy I EP,)eR/P,(‘/’ixH Lo es PiXs | R/P;).
i=1

There are several ways the Associative Law can be generalized to Grothendieck
groups. We shall state two ways, the first of which is Theorem 1.15. Recall that if J
is an ideal in R a set of generators for K(R/J) is {[R/P]| P prime, P2J}. Now
Theorem 1.15 is an easy consequence of Corollary 1.7.
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1.15. THEOREM. Let O0=n=<s and let xx(xy,...,x)[E]1=2p mp[R/P] in
K(R/(x1, . . ., X»)), where the summation ranges over primes P containing (xy, . . ., X,).
Then

X}Z(xh X xs)[E] = Z mP)‘PXR/P(‘l'Pxn+ 1y s+ ‘/’sz)[R/P]a

where Jp: R — R/P is the natural map and
AP: K(R/(Pa Xngls-oos xs)) - K(R/(xl, RS ] xs))
is the map induced by the inclusion functor.

If we wish to involve the localization at the primes P in the Associative Law and
identify the integers m, we must confine our attention to minimal primes of the
ideal (xq, ..., x,). We develop a second generalization from this point of view.

1.16. LEMMA. Let I=(xy,...,xs). If p belongs to Z(R) then xp(x,..., X5)p
belongs to Z(R/I).

Proof. Proceeding by induction on s we see by Corollary 1.7 that it suffices to
consider the case s=1. In this case, by definition of Z(R), it suffices to show if Q
is a prime in R and height Q >0 then yz(x)[R/Q] belongs to Z(R/xR). If x is in Q
then xx(x)[R/Q]=0 by Proposition 1.2. So suppose x is not in Q. Then x is not
a zero-divisor on Q and yx(x)[R/Q]=[R/Q+ xR]. Let P be a prime in R/xR which
belongs to Supp (R/Q+ xR) and let P be the preimage of P. Then P2 Q so height P
>height Q>0. By the Krull Principal Ideal Theorem, P is not a minimal prime
of xR. Thus height P>0, completing the proof.

1.17. PROPOSITION. Let Py, ..., P, be the height zero primes of R. Then

k
xe(X1, - s X)E] = > Lep (Ep)xa(x1s - - -, X)[R/P] +p,
i=1
where p belongs to Z(R/I).
Proof. In K(R), [E]=2¥-1 Lz, (Er)[R/P;]+p’, where p’ belongs to Z(R). Now
apply xz(x1, . . ., ;) to both sides and use Lemma 1.16.

The following corollary is actually a generalization of the Associative Law for
the special case n=0.

1.18. COROLLARY. Let P,,..., P, be the primes of R of height zero and let
;i1 R — R/P; be the natural map. Then we have

k

X1y« oy X)E) = D [Ep] ® xzp (i1, - - -» bix)[RIP]+p,
i=1
where p belongs to Z(R/I).

Proof. We must note where this tensor product is taking place. Now [Ep,] is an
element of K(Rp,) which is infinite cyclic generated by [Rp/P,Rp]. Also

XR/P.(‘/’txn oo Yix)[RIP]
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is in K(R/I) and so the tensor product is in K(Rp,) ®2K(R/I), which is isomorphic
to K(R/I). With these identifications, Corollary 1.18 is a slight modification of
Proposition 1.17.

The following theorem is a generalization of the Associative Law for 0<n<s.
Recall if R/I has finite length then Z(R/I)=0.

1.19. THEOREM. Let I=(x,, ..., X;) and suppose 0Sn=s. Let Py, ..., P, be the
minimal primes of (xy, ..., x,). Let ®;: R — Rp, and J;: R — R/P; be the natural
maps. Then

K
Xe(X1, . .., X)[E] = Z an,(q)txn ceey q){xn)[Eﬁ] ® XRIPg(l)bixn+ 1« Pix)[RIP]+p,
i=1

where p belongs to Z(R/I).

Proof. Again we must see where this tensor product is taking place. Now
Xrp(PiX1, . . ., ©yx,)[Ep ] is an element of K(Rp/(xy, ..., X,)Rp,) Which is infinite
cyclic. Also xgip($iXns1s - .5 $ix)[R/P;] is an element of K(R/I). So the tensor
product is K(Rp,/(x1, . . ., X,)Rp) @z K(R/I) which is isomorphic to K(R/I). Now
we use respectively Corollary 1.7, Corollary 1.18, and Theorem 1.13. Then

X}Z(xl’ RIS xs)[E] = XRi(x1, ....x,.)(xn-i- 1+ v fs)XR(xh sy xn)[E]

K
= z TP;XR(xla o X)[E]® XR/P.(‘/’ixM 1o YiX)[R/P]+p
i=1

i

M=

an,((btxi, ceey q)ixn)[EPJ ® XRIPg(¢£xn+ 1o PX)[RIP]+p.

1

Having finished our treatment of the Associative Law we would like to be able to
calculate the kernel of yz(x, . . ., x;). Although this seems to be difficult in general,
we can derive some partial results which, as usual, are most impressive when R/I
has finite length. We need some preliminary results. If R is a local ring with maxi-
mal ideal M define dim R=height M. Then dim R is called the Krull dimension of R.

1.20. PROPOSITION. Let R be a local ring with maximal ideal M and let x,, . . ., x,
be elements of M. Let I=(xy, . . ., x;) and suppose R/I has finite length. If P is prime
in R then yp(xy, ..., xs)[R/P1#0 if, and only if, s=dim R/P.

Note. Since R/I has finite length, s=dim R=dim R/P. If s=dim R/P then
height P=0.

Proof. Let s: R— R/P be the natural map. Suppose first s=dim R/P. Then
s=dim R and x,, ..., x; is a system of parameters in R. We show yg(xy,...,X,)
-[R/P]#0 by induction on s. The case s=0 is trivial. So suppose s >0 and make the
induction hypothesis. Since xz(xy, ..., X)[R/P]=xgp(¥x1, - . ., Px5)[R/P], we can
assume R is an integral domain of Krull dimension s and we must show
x&(X1, - - -» Xs)[R]#0. But x; is not a zero-divisor on R and so xg(xy,..., x;)[R]
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=Xp/x8(X2s - - ., X)[R/x1R] and, by [6, Corollary 2, p. 65], R/x,R is a local ring of
Krull dimension s— 1. By the induction hypothesis, if @y, ..., O, are the primes of
R=R/x;R such that dim R/Q;=s—1 then xp(%,,..., %)[R/Q:]#0 in K(R/I).
Since K(R/I) is free and there exists at least one such Q,, xp(Xs, . . ., X)[R]#0
completing the induction.

Now suppose s>dim R/P. We show xz(xy, . . ., x)[R/P]=0 by induction on s.
If s=1 then dim R/P=0 and x%- R/P=0 for some n. So xz(x,)[R/P]=0 by Proposi-
tion 1.2. So suppose s>1 and make the induction hypothesis. If x, is in P then
xe(X1, - . ., x)[R/P]=0 by Proposition 1.2. If x; is not in P then yz(x,, . . ., x;)[R/P]
=Xrix,p(X2s - . ., X)[R/P+x;R] by Theorem 1.6. Now in K(R/x,R) we have
[R/P+x,R]=2 ng[R/Q], where Q ranges over primes of R containing P+ x,R.
Thus dim R/Q <dim R/P=<s—1 and, by the induction hypothesis,

Xeixp(X2, - - -, X)[R/Q] = 0.

Thus xg(xy, . . ., x)[R/P]=0, completing the proof.

Now we return to the case where R is not necessarily a local ring. If I is an ideal
of R, not necessarily prime, then there are several ways to define height 7. For our
purposes we want the following: height I is the maximum of the heights of the
minimal primes containing 1. By the Krull Principal Ideal Theorem, if I=(x, . . ., x;)
then height 7<s.

1.21. COROLLARY. If I=(x,,...,x;) and s> height I then for all p in K(R),
xe(X1s - . ., Xo)p belongs to Z(R/I).

Proof. By Lemma 1.16, it suffices to show that if P is a height zero prime in R
then xz(xy, . . ., x;)[R/P]is in Z(R/I). Now Z(R/I)= (" ker Ty, where O ranges over
the height zero primes of R/I. So it suffices to show Tgxz(x1, . . ., X;)[R/P]=0 for
all such Q. By Theorem 1.13, it suffices to show Xro(@X1, . . ., Dx)To[R/P]1=0
for all minimal primes Q of I where ®: R — Ry, is the natural map. By hypothesis,
dim R, =height Q <s, and so, by Proposition 1.20, xzo(®x;, . . ., ®x;)T¢[R/P]=0.

In the case where R/I has finite length and s> height I Corollary 1.21 tells the
whole story. For then Z(R/I)=0 and so xz(xy, ..., X,) is the zero map. The more
interesting case is when s=height I.

1.22. COROLLARY. Let I=(x, ..., x;) and let Q be a minimal prime of I of height
s. If P is a prime in R such that P< Q and dim Ry/PRy=s then yg(x,, . . ., x;)[R/P]
is not in Z(R/I).

Proof. This follows from Proposition 1.20 by localizing at Q.

1.23. LEMMA. Let I=(xy, ..., x;) and let P be a prime of R. If there is no minimal
prime Q of I of height s such that dim Ry/PRy=s then yg(x,, ..., x,)[R/P] belongs
to Z(R/I).
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Proof. It suffices to show if Q is a minimal prime of /in R and ®: R — R, is the
natural map then xp,(®x,,..., ®x)To[R/P]=0. If P4 Q then To[R/P]=0. If
P < Q then, by hypothesis, dim Ry/PR, < s, and Proposition 1.20 covers this case.

1.24. CorROLLARY. Let I=(xy,...,x;) and let P be a prime in R. Then
xr(X1, . . ., x;)[R/P] does not belong to Z(R/I) if, and only if, there exists a minimal
prime Q of I of height s such that P < Q and dim Ry,/PRy=s.

Now let 0, ..., O, be the minimal primes of I of height s and let P,,.. ., P, be
the primes of R which satisfy the condition that P, is contained in some Q; and
dim Ry, /PiRq,=s.Let p=n,[R/P,]+ - - - +n,[R/P;]+ p’ be an element of K(R) where
p’ belongs to Z(R) and suppose xz(x3, - . ., X5)p belongs to Z(R/I). Now let Q,, .. .,
0O Ois1,- - -, Q; be all the minimal primes of I. Then for each i=1,.. ., k,

Xe(X1, -+ -5 X)[R/P] = my[R] Q1]+ - - - +my[R/ Q]+ py,
where p; is in Z(R/I) and m;;2 0 for all /, not all m;;=0. Then

] )
n1lZIm1z[R/Qz]+ cee +”klZi my[R/ Q)]
is in Z(R/I). So
(numy+ - - - + )[R/ Q1]+ - - - +(mymyy+ - - - +memy )[R/ Q4] = 0.

Thus
mmyy+ -+ =0,

nlmlj"' M +nkmk1 = 0-

Now in each column there exists at least one m;; >0. This shows that if n,>0 for
some i then there exists an i’ such that n;, <0. But if p=[E] for some module E
then we can choose n;=0 for all i. This proves the following theorem.

1.25. THEOREM. Let I=(x, ..., x;) and suppose s=height I. Let Q,,..., Q; be
the minimal primes of I of height s. Let Py, . .., P, be the primes of R which satisfy
the condition that each P, is contained in some Q; and dim Ry [PiRq,=s. If E is an
R-module then xg(x,, ..., x)[E] belongs to Z(R/I) if, and only if, Ep,=0 for
i=1,... k.

We wish finally to turn our attention to the Extension Formula. This formula
shows how the multiplicity changes under integral extension. The theorem we
shall obtain is found in [8, Theorem 6, p. 287]. Let R be a subring of R’ and
suppose R’ is a finitely generated R-module. If x,, ..., x, are elements of R such
that R'/x,R'+ - - - + x,R’ has finite length and E’ is an R’-module then

ep(Xy, ...y Xs I E") = zLR/M'nR(R’/M,)eR}ur((DM'xh ey Dppex | Ey),
T

where M’ ranges over the maximal ideals of R’ containing x,R'+ - - - +x,R’ and
®,,.: R — R} is the natural map.
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Naturally we wish to generalize the Extension Formula to our case. It is some-
what surprising that the Extension Formula receives a much more simple formula-
tion with Grothendieck groups. Recall if ®: R — R’ is a ring homomorphism then
every finitely generated R’-module is a finitely generated R-module. So we obtain a
homomorphism ®,: K(R") — K(R) induced by the inclusion functor. If I is an
ideal in R then ®: R/I — R'/®(I) is a ring homomorphism and we obtain

®@,: K(R'/D(I)) — K(R/I).

1.26. THEOREM(?). Let ®: R — R’ be a ring homomorphism and let I=(x, . . ., x,)
be an ideal of R. Then the following diagram commutes:

Dy
K(R') —— K(R)
XR'((I)xla B ] (st) l CT) l XR(xh RS xs)
K(R /(D) —> K(R]T)
To obtain the Extension Formula as stated above we apply Theorem 1.26 to the
special case where R is a subring of R’ and ®: R — R’ is the inclusion. We need

some lemmas. The proof of the following lemma is found in [8, Proof of Theorem
6, p. 287].

1.27. LeMMA. If R is a subring of R, x,, ..., x, are elements of R, and R'[x,R’
+ .-+ xR’ has finite length then R/x,R+ --- +x,R has finite length. If M' is a
maximal ideal of R' then M=M' N R is a maximal ideal of R and Ly, (R'/M")
=Lg,(R'/M")y).

1.28. LeMMA. If R"=R'[/x;R’ + - - - + x,R' has finite length and E is an R"-module
then

O4[E] = D Lu(En)Lupwnn(R'[M")RIM' O R]
<

in K(R/x R+ - - - +x,R), where M’ ranges over the maximal ideals of R’ containing
X R +---+xR.
Proof. Since R/x;R+ - - - + xR has finite length,

DL[R/M'] = ;LRM((R,/M I)R/M],

where M ranges over the maximal ideals of R containing x;R+ - - - +x,R. Using
Lemma 1.27,

BLIRIM") = Lupens(RIM)[RIM’ O R].
But

D,[E] = MZ Ly, (Ex)D4[R'IM'] = ;LR’(EM’)LRIM’AR(R,/M JIR/M’ N R].

(® I would like to thank the referee for pointing out the appropriate generality for this
theorem.
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1.29. THEOREM. Let R be a subring of R’ and suppose R’ is a finitely generated
R-module. If x,, . . ., x; are elements of R and R'|x,R'+ - - - + x,R’ has finite length
then

er(X1, .. s X | E') = z Lppnr(R'[M Yery (Papxy, - - o, apxs | Ex),
T

where M’ ranges over the maximal ideals of R’ containing x,R'+ - - - +x,R’ and
@0 R' — Ry is the natural map.

Proof. Let / denote the length homomorphism. We use respectively Theorem
1.26, Corollary 1.14, and Lemma 1.28.

eR(xla ceey Xg I E,) = IXR(xl’ sy xs)q)*[E’]
= IG*XR’(xh ceey xs)[E']
= Z l(_D*XR}W((DM’xh ooy Opex)[Eger]
w

= > Lanor(R [M)xgy (Parxy, . . ., Poyx,)[Ene]
VM

= Z LRIM/nR(R’/M,)enil,((DM*xl, ey (I)M'xs)[EA',.],
o

using in the last step that Ly ~x(R/IM' N R)=1.

2. Hilbert functions. In this section we define the Hilbert function of a
module with respect to an ideal in terms of Grothendieck groups. We prove the
Hilbert function is a polynomial for large values of » which we call the Samuel
polynomial. Then we prove a fundamental relation between the Samuel poly-
nomial and the multiplicity map.

2.1. DerINITION. Let I be an ideal in R and let E be an R-module. Define
H{n, E)=[I"E/I"*'E] in K(R/I). Then H/(n, E) is called the Hilbert function of E
with respect to I.

2.2. DEFINITION. Suppose ag, o, . . ., e, are elements of K(R) and let

s—1
P(n) = Z (nzk)ak.
k=0
Then P(n) is called a Samuel polynomial with coefficients in K(R). The degree of P(n)
is the largest integer ¢ such that «,#0.

2.3. PROPOSITION. Let P(n)=33%-0 Coyi ot and Q(n)=25_o Cpyr.iBe be two
Samuel polynomials with coefficients in K(R). If P(n)= Q(n) for all sufficiently large
values of n then a,,=B, for k=0,1,...,s.

Now let I=(x,..., x;) and let E be an R-module. Let M =P3., M,, where
M,=I"E/I"*'E. Then M is a graded module over R/I[X,,..., X,] with the
operation:

X(e+I"*E) = x;e+I"*2E.
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So we have a graded module M which is finitely generated over R/I[X;, ..., X;]
and each graded component M, is finitely generated as a module over R/I. But this
is sufficient to imply that the function P(n)=[M,] in K(R/I) is a Samuel poly-
nomial of degree at most s— 1 for all sufficiently large n. The proof is by induction
on 5. The case s=0 is implied by the fact that M is a finitely generated graded
module over R/I. The induction step is implied by the exact sequence:

X;
00— (0 Xs)n-l - Mn—l - Mn - (M/XSM)n —0.
Thus we have the following theorem.

2.4. THEOREM. Let I=(x,, ..., x,). If E is an R-module then there exists a Samuel
polynomial P(n, E) with coefficients in K(R/I) and degree at most s—1 such that
H(n, E)=P/(n, E) for all sufficiently large n.

Actually we find it convenient to deal not only with the Hilbert function but also
with another function which we now define. Let

H¥0, E) = > Hy(k, E).

Then H¥(n, E) is called the cumulative Hilbert function of E with respect to I and
takes values in K(R/I). But now let %7 be the category of R-modules E such that
I*E=0 for some k (depending on E). Then it is easy to see that K°(%) is isomorphic
to K(R/I). Using the filtration E2JE2 --- 2I"*1E we obtain

[E/I"*1E] = i [IkE/I'”'lE]

k=0
in K(R/I). So we see that H*(n, E)=[E/I"*E] for all n.

2.5. COROLLARY. Let I=(xy,...,x,). If E is an R-module then there exists a
Samuel polynomial Pf(n, E) with coeﬂ?c:ents in K(R/I) and degree at most s such that
H¥(n, E)=P{(n, E) for all sufficiently large values of n.

The next theorem establishes the relationships between our general multiplicity
and Hilbert functions. First suppose P(n) is any Samuel polynomial with coefficients
in a Grothendieck group. Define AP(n)=P(n)—P(n—1). We note that AP(n) is a
Samuel polynomial with degree one less than the degree of P(n). In fact, if

S
P = 3 ("3 e
k=0
then

AP(r) = i (n+k—l) ;Z (n-{-l)a‘n'
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For the Samuel polynomials defined in Theorem 2.4 and Corollary 2.5 we see
that AP} (n, E)=P,(n, E). More generally we see that

A¥P(n) = Z( 1)'( )P(n—l)
2.6. THEOREM. Let I=(x,, ..., x;). If E is an R-module then xp(x,, ..., xs)[E]

=ASP¥(n, E).

Proof. Let C=E,., . , be the Koszul complex of E generated by xi,..., X,
For each k define the following subcomplex of C:

CH®:0 > I¥C, — [¥+1Cy_y —+ - -—> I**+3C, — 0,

with the differentiation of C* induced by that of C. Then we obtain the exact
sequence of complexes:
0>C® 5 C—C/IC®—0.

By [4] we have H(C *)=0 for all k sufficiently large. Then H,(C/C*®) is isomorphic
to H,(C) for all i and all & sufficiently large. Thus in K°(=%) we have

X061, - . o, X)E] = 20<— DH(C)] = Z (= DI[H(C/C®)]

8

= Z( DI(C/IC®)] = Z( DC/I**4C)]

( DIC/I***1C]  (letn = k+s—1)

] Mm u Mu n

(- 1)*(.) [E/I*-+1E]
[E/l"”E] AP¥(n, E).

Incidentally, Theorem 2.6 can be used to prove Corollary 2.5. For if AP(n) is a
Samuel polynomial of degree at most k then P(n) is a Samuel polynomial of degree

at most k+1.

Theorem 2.6 shows that the multiplicity map yg(x3, . . ., X;) depends only on the
ideal generated by x, ..., x; and s, the number of elements used to generate the
ideal.

2.7. COROLLARY. Let Xxy,...,X, and y,,...,y; be elements of R such that
X1y X)=I=(y1, ..., ¥s). Then xg(xy, ..., x)=xz(V1, ..., ys). Furthermore, if
0<n<sand 0Sm=s then

XRl(x,, ...,x,.)(fn+1a BREY )?s)XR(xl’ BCRE} xn) = XR/(y;,...,y,,,)(y-mi- 15+ ¢ ys)XR(yla ey ym)'

2.8. COROLLARY. Let xi,...,x, and y,,...,ys., be elements of R such that
(x15 -+ o5 X)=I=(Y1, . . -, Ys41)- Then xp(y1, ..., Ys+1)=0.
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We introduce the notation w(I) to denote the minimal cardinality of a set of
generators of the ideal 1.

2.9. COROLLARY. Let I=(x,, ..., x). If for some R-module E, xg(x1, . .., x)[E]
#0, then s=u(I).

We note that we have shown above degree Pif(n, E)<u(I) for an R-module E.
Now we wish to establish a result for the Samuel polynomial analogous to
Theorem 1.6 for multiplicities.

2.10. LEMMA. Let I be an ideal and let x belong to I. Then
H(n, E) = Hifxr(n, E[xE)—[(I"**E:x)/I"E].

Proof. This follows from the exact sequence:

X
0 —> (I"*'E:x)/I"E —> E/I"E —> E/I"*'E —> E/I"*'E+xE —> 0.

Now suppose I=(x, ..., x;). There exists a Samuel polynomial Q(n) such that
O(n)=[(I"**E:x,)/I"E] for sufficiently large values of n. Thus

APH(n, E) = Pjls,x(n, E[x,E)— Q(n)
and so
ASP(n, E) = A*~1P, w(n, E[x,E)—As~1Q(n).

Thus

Xe(X1s « < o5 X)E] = Xnixyp(K, - - ., X)E[x,E] =07 Q(n)
which implies

A1) = Xpixar(Fas - - -5 B)[(0:x1)5] = A* 2Py p(n, (0:X1)5).
Thus we have shown the following:
2.11. PROPOSITION. If I=(x,, ..., X;) then

AP(n, E) = Piiy,r(n, E[x,E) = Pjix,x(n, (0:x1)5) + P(n),

where P(n) is a Samuel polynomial of degree <s—1.

We wish to conclude this section with some results concerning the degree of the
Samuel polynomial.

2.12. PROPOSITION. Let S be a multiplicatively closed set in R. If P¥(n, E)=
27=0 Cryr ko then Pﬁzs(", E5)=37%-o CpyiTs(e). In particular,

degree Py (n, E) < degree P(n, E).

Now we make the observation that, by Theorem 2.6, xz(xi,..., X)[E]#0
implies degree P;¥(n, E)=s. In particular, if R is a local ring of Krull dimension s
and I is primary for the maximal ideal then, by Proposition 1.20, degree P;*(n, R)=s.
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Return now to the general case, R a ring, I an ideal. Suppose Pf¥(n, E)
=>"_0o Cpyr.xo Define s to be the reduced degree of Pf*(n, E) if o, is not in
Z(R/I) but o is in Z(R/I) for k>s. Obviously reduced degree P*(n, E)<degree
P¥(n, E) and equality holds if Z(R/I)=0.

2.13. PROPOSITION. Reduced degree P¥(n, R)=height I.

Proof. Let Q,,..., Q, be the minimal primes of I and let J, be the image of Q,
in R/I. Suppose Pf(n, R)=>%_o C,..x and has reduced degree s. Since Z(R/I)
=i~ ker Tg,, there exists an i such that T,(«;) #0. So reduced degree

P(n, R) = max {degree P (n, Rq)}
i
= max {dim Ry} = ma{tx {heightQ,} = height I.
i
3. Miscellaneous results. In this section we prove two results of a somewhat
special nature. Recall if E is an R-module a sequence x,, .. ., x, of elements of R

is an E-sequence of length s if x; is not a zero-divisor on E/(x, ..., x;_,)E for
i=1,...,s.

3.1. PrOPOSITION. If I is an ideal which is generated by an E-sequence of length s
then H¥(n, E)=C,,[E/IE] for all n.

Proof. We proceed by induction on s. The case s=1 follows from the exact
sequence:
0—> xE+(0:x")g — E — x"E[x"*'E — 0.

So suppose s>1 and make the induction hypothesis. Suppose I=(y,,..., y,)

where yy, ..., ys is an E-sequence. By [5] there exists an E-sequence xi,..., X,
such that I=(xy, ..., x;) and any permutation of x,,. .., x, is an E-sequence. By
Lemma 2.10,

Hyn, E) = Hllxlﬂ(ny E/x,E)—[(I"*1E:x,)/I"E).

Since x,, ..., X5, Xx; is an E-sequence, (I"*1E:x,)/I"E=0. Since x,,..., X, is an
E/x,E-sequence, the result is now established using the induction hypothesis.

Now we wish to look at the Grothendieck group of a polynomial extension of a
ring R. Let R[X] be the polynomial extension of R by an indeterminate X. Let x
denote the multiplicity map xzx(X). Since R[X]/XR[X] is isomorphic to R,
x: K(R[X]) — K(R). We have a natural map I': K(R) — K(R[X]) induced by the
exact functor - @z R[X].

3.2. PrROPOSITION. I is the identity on K(R).

With the aid of Proposition 3.2 we give an example of an ideal 7 and a module E
where reduced degree P/*(n, E)+#degree P*(n, E). Let Q be the rationals and let
R=Q[y, z] subject to the relation y2+z2=1. Then R is a Dedekind Domain but is
not a Unique Factorization Domain. In fact, (y, z—1) is a prime ideal in R which
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is not principal. For a Dedekind Domain, K(R) is isomorphic to Z @ C(R), where
C(R) is the ideal class group of R [3, §4, n°. 8]. This implies that [R/(y, z—1)]is a
nonzero element of K(R). However [R/(y, z—1)] belongs to the subgroup Z(R) of
K(R), where Z(R) is isomorphic to C(R). Now consider the ring R[X] and let
I=XR[X]. Let E=R/(y,z—1) ®zR[X]. Using the notation above, x[E]=
[R/(y, z—1)]#0 in K(R). Since y is just the multiplicity map, x[E]=AP{(n, E),
which implies the degree of P¥*(n, E) is one. But, since x[E] is in Z(R), the reduced
degree of Pjf(n, E) is zero.
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